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Abstract 

The Kaluza-Klein theory and Randall- Sundrum theory are examined com- 
paratively, with focus on the behavior of the five dimensional (Dirac) fermion 
in the dimensional reduction to four dimensions. They are properly treated 
using the Cartan formalism. In the KK case, the dual property between the 
electric and magnetic dipole moments is revealed in relation to the ratio of 
two massive parameters: the inverse of the radius of the extra-space circle 
and the 5D fermion mass. The order estimation of the couplings is done. In 
the RS case, we consider the interaction with the 5D(bulk) Higgs field and 
the gauge field. The chiral property, localization, anomaly phenomena are 
examined. We evaluate the bulk quantum effect using the method of the 
induced effective action. The electric dipole moment term naturally appears. 
This is a new origin of the CP- violation. In the 4D limit, the dual relation 
between KK model and RS model appears. 
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1 Introduction 

If the present research direction of the unification of forces, using strings and 
D-branes, is right, the unified theory should be, effectively at some scale, 
some higher-dimensional field theory. Then the real world of 4 dimensions 
could be viewed as some "approximation" of the higher dimensional one. 
This procedure is called dimensional reduction. There are two representative 
and contrastive approaches: Kaluza-Klein (KK) and Randall-Sundrum (RS) 
theories. At present there seems to be no strong reason to believe that one is 
better than the other. Both have advantages and disadvantages. From the 
viewpoint of the space-time unification of gauge theories, KK reduction looks 
attractive. The gauge fields are nicely realized from the space-time symme- 
try. On the other hand, RS reduction looks attractive in some physically- 
interesting points such as the chirality control, the massless localized fermion 
and the anomaly flow. In fact many literatures on both theories have been 
produced and are now being produced. In the present paper we compare the 
two approaches and reveal their important features by contrasting them. 

The Kaluza-Klein theory has the long history. [2, 3] It is characterized by 
compactifying the extra manifold. In this procedure the radius of the compact 
manifold, is introduced as the size parameter. On the other hand, in the 
Randall-Sundrum model [4, 5], the localized configuration in the extra space is 
utilized, instead of compactifying the extra space. In this procedure the size 
parameter, 1/k, of the localization ("thickness" of the wall) is introduced. 
Both approaches accomplish the dimensional reduction by adjusting the size 
parameters. 

In the original papers by Randall and Sundrum, the comparison between 
the two models is made mainly in the mass hierarchy. Here we focus on 
another aspect, that is, the magnetic and electric dipole moment terms. They 
are both higher-dimensional operators (the mass-dimension 5). The former 
one usually appears, in the 4D QED, as a quantum effect. The latter one 
is a CP-violation term. Both ones are very important in phenomenology 
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and experiments. (Their measurement could become a strong candidate to 
confirm a higher dimensional unification model. Estimation of the dipole 
moments for various elementary particles, from the naturalness requirement, 
has been done in a recent interesting paper [6].) The appearance of the CP- 
violating term in the KK model was presented by Thirring very long ago [7]. 
The results are still important and interesting even at the present time, but 
the work was done so many years ago that the content is not familiar to most 
readers. Therefore we explain it, in the present viewpoint, in Sec. 2 and 3. 
We regard it as a proto-type to investigate the dimensional reduction and use 
it for the comparison with the RS case. We analyze the higher-dimensional 
terms in the RS model. The estimated magnitude of the electric dipole 
moment (EDM) and the magnetic dipole moment (MDM) in KK model is 
too small to observe, while that in the RS model can be expected to escape 
the case. As other approaches of CP-violation, in the brane world context, 
we refer to ref. [8, 9]. 

In order to properly treat fermions in the general relativity, we take the 
Cartan formalism[10] (See a textbook[ll, 12, 13]. ). It clarifies the gauge 
structure of the system on the local Lorentz frame. We explain it both for 
the KK and for the RS geometries. Recently many brane world models 
are discussed, where the fermion part is important in relation to the chiral 
property. Because the chiral property much depends on the delicate points 
such as the signs (±) or the phases (±2), it is worthwhile presenting a strict 
formulation of the fermion theory at the present stage of the development. 
In the analysis, we take a stable brane world model [5, 14], that is one wall 
RS model. 

The paper consists of the following contents. In Sec. 2 we review the KK 
theory in the Cartan formalism. It is compared with the case of the RS the- 
ory in Sec. 4 and App.B. Sec. 3 treats the Dirac fermion in KK theory, where 
the electric and magnetic dipole moments appear and the dual property is 
stressed. In Sec. 4, Randall-Sundrum theory is explained in the Cartan for- 
malism. The Dirac fermion in the RS theory is explained in Sec. 5. The RS 
counterpart of the KK expansion appears. The eigen functions are charac- 
terized by the Bessel differential equation. The bulk (5D) Higgs mechanism 
is explained in Sec. 6, where the localization of the fermion is explained. The 
fermion gets a mass through the Yukawa interaction with the bulk Higgs. 
The 5D QED is examined in Sec. 7, where the 5D bulk quantum effects pro- 
duce the anomaly flow and the electric dipole moment in the effective action. 
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We conclude in Sec. 8. Two appendixes are provided for clarifying the text. 

2 Kaluza-Klein Theory 

Let us first review the 5D Kaluza-Klein theory. This serves as the preparation 
for a similar treatment of the Randall-Sundrum theory. The 5D space-time 
manifold is described by the 4D coordinates x a (a = 0, 1,2,3) and an extra 
coordinate y. We also use the notation (X m ) = (x a , y), (m = 0,1,2,3,5). 
With the general 5D metric g mn , 

ds 2 = g mn (X)dX m dX n , (1) 

we assume the S* 1 compactification condition for the extra space. 

9mn(x, y) = g mn (x, y H ) , (2) 

where is the radius of the extra space circle. We specify the form of the 
metric as 

ds 2 = g ab (x)dx a dx b + e 2 °W(dy-fA a (x)dx a ) 2 , (3) 

where g a b(x) , A a (x) and a(x) are all 4D quantities, namely, the 4D metric, 
the U(l) gauge field and the dilaton (Weyl scale) field, respectively. / is 
a coupling constant. This specification is based on the following additional 
assumptions. 

1. y is a space coordinate. 

2. The geometry is invariant under the U(l) symmetry: y — > y+A(x), A a (x) — > 

A a {x) + jd a A . 

The S l extra space {y} is here identified as the "U(l) gauge parameter 
space" . (This way of unification of the gauge theory and gravity should be 
compared with the treatment in the RS approach where the gauge parameter 
space is introduced as an internal one. ) 

We can generalize (3), keeping the periodicity condition (2), by taking 
the following ones instead of g a b{x), A a (x) and a(x) of (3), 

9a b (X) = E^y^^pT) = J2^\x)e^y,a(X) = ^ * {k) , (4) 
feez fcez fcez 
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where Z is the set of all integers. The appearance of the periodic function 
is a character of the KK approach. The eq.(3) is the zero-th 
(k = 0, massless) mode of (4). We do not examine, in this paper, the role of 
the massive modes (k^O) for these boson fields. 

We take the Cartan formalism to introduce Dirac fermions and to com- 
pute the geometric quantities such as the connection and the Riemann curvature[7]. 
The basis {0^} of the cotangent manifold (T*M) can be defined as the 1-form 
which satisfies the relation: 

ds 2 = , diag(^) = (-1,1,1,1,1), (5) 

where /i, v — 0, 1, 2, 3, 5 are the local Lorentz (tangent frame) indices, ds 2 is 
given in (3). The fiinf-bein e M m is generally defined as 

0" = e^ m dX m . (6) 

{9^} is the dual of the basis {e M = e^ m d/dX m } of the tangent manifold 
(T p M). (< e",0„ >= 6£.) For the 4D part, we denote as 9 a = 9 a (a = 
0, 1, 2, 3) which satisfies 

g ab (x)dx a dx b = e a a (x)e l3 b (x)r] a f 3 dx a dx b = 8 a 6^r] al3 , 

6 a = e a a {x)dx a , (7) 

where g a b is the same as (3), e a a and r] a p are the 4D part of the fiinf-bein e M m 
and the 5D flat (Minkowski) metric f)^ respectively. (e a a = e a a ,r) a /3 = f\ a p) 3 
The extra component 6 5 can be read off, from (3), as 

f 5 = e°(dy-fA a dx a ) . (8) 

Hence the fiinf-bein e^ m and its inverse e™ can be concretely given by 




£H 2, n — Xn ^ z m _ f/i A — a A (q\ 




3 The sufBx notation taken in this article is as follows: m, n, ■■■ (Roman alphabets 
beginning from the middle) are for 1+4 D general space-time coordinates; a, 6, • • • (Roman 
alphabets beginning from the first) arc for 1+3 D general space-time coordinates; /i, v, ■ ■ ■ 
(Greek symbols beginning from the middle) arc for 1+4 D local Lorentz (Minkowski) 
coordinates; a, (3, ■ ■ ■ (Greek symbols beginning from the first) are for 1+3 D local Lorentz 
(Minkowski) coordinates. The 5-th component is explicitly denoted as "5" for the general 
coordinate and as 5 for the local Lorentz one. The hat symbol " " " is used to discriminate 
5D symbols from 4D symbols when it is necessary. 
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The first Cartan's structure equation, for the torsionless case(T M = 0), is 
given by 

d§' i + u' i v Ad v = fi i = , u IM , + u vlt = , (10) 

where Cj^ v is the connection 1-form. From this equation and eqs.(7) and (8), 
we can read the connection as 

u\ = -±d a v da* , it = -^ = ^e Q f-^/ , 

F ab = d a A b -d b A a , F a(3 = e a a e p b F ab , (11) 

where u; a p is the 4D connection which is defined by d9 a + u a /3 A 9 13 = 0. (Note 
that w a p ^Coy) 

The second Cartan's structure equation is given by 

du llv +u lllT Au a v = |V^A« T • (12) 

This gives the curvatures R^uar as 

p p 

Raf3~fS = Raf3~f8 — e ° ' F a/3 F^s + —6 <7 (F aS F l3y — 5 <-> 7) , 

Ra55/3 = "F^F^p + ••• . (13) 

Hence the 5D Riemann scalar curvature R^J ^ can be decomposed as 

R = R + ^e 2 °F^F aP + U a ad b ag ab + l -V 2 a , (14) 

which shows the theory of gravity, electro-magnetism and the dilaton in the 
4D world. The correct sign appears in front of F al3 F a p, which comes from 
the choice of the extra coordinate y, in (3), as a space (not time) component. 
This point was stressed by Thirring[7]. 

We consider the simple case a = for the present purpose. 
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3 Fermions in Kaluza-Klein Theory 

The 5D Dirac equation is generally given by (see a textbook[ll, 12, 13]) 

{7^ m ^ + ^^U7.[7 M ,7l+m|^ = . (15) 

rh is the mass parameter of the 5D fermion (— oo < rh < oo). 4 The spin 
connection above (uj a )^ u is defined by Cj^ v = (lj\) m, u 9 x . (Local Lorentz suffixes 
are lowered or raised by the 5D Minkowski metric fj^ u or ff v respectively.) 
The 5D Dirac matrix 7^ satisfies {7^,7^} = 1ff v . For simplicity we switch 
off the 4D gravity: e a a — > 5" , u; a p — > 0. In the present case, using (9) and 
(11), the eq.(15) says 

{l a (d a + fA a d 5 )+ 1 %-^F aa 5 [r,l b ]+™^ = , (16) 

where <9s = d/dy. 
(A) Charged Fermion 

Corresponding to a massive mode in the J^D reduction (4), we consider the 
following form for a charged fermion. 

4>(x,y) =e i( ^ 5+w V(^) • (17) 

Here we regard the charged fermion as a KK- massive mode. The angle 
parameter is chosen as 

(i 7 5 /i + m)e 2i ^ 5 = ^rh 2 + /i 2 = M . 

(i) m ^ : tan 20 = -4 , 

m 

7T 37T 

< 20 < for rh > 0; it < 20 < — for m < . 

(ii) m = : 20 = ~ , (18) 

where (7 s ) 2 = l,e iar = cos a + ry 5 sina:, is used. See the lower half region 
of Fig.l. 

4 The 5D gamma matrices {7^} are defined in App.A. 
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Fig.l The angle parameter <\> which defines the 4D charged fermion in the 
KK dimensional reduction (17). rh is the 5D fermion mass parameter, 

is the size of the extra compact manifold. 
-tt/2 < 20 < for rh > 0; tt < 2(f) < 3n/2 for rh < 0; 2(f) = -tt/2 for m = 0. 
The upper half region gives the same 4D fermion action as the lower half 
region by the transformation if) — > ^ip. 



Then (16) reduces to 

| 7 a (9 a + ^ + M- I ^(m^-^7 5 )F afe7 5 [ 7 a , 7 fe ]|^ = , (19) 

where e = ffi is the electric coupling constant. M is identified as a 4D 
fermion mass. 5 We notice, in this expression, the EDM and the MDM 



3 We can take the angle </> in (18) in another way. 



(i 7 5 /i + m)e 2 "^ = -y/m 2 + fi 2 = -M 

(i) rh ^ : tan 20 = — — 

m 

— < 20 < 7r for in > 0; < 2(f) < — for rh < 



(m) m = : 20 = ^ , (20) 

Then the 4D equation (19) is replaced by 

| 7 a (a Q + ie A a )-Af +-I_(rr l ^- i e 7 5 )F afc7 5 [ 7 a , 7 b ]|^ = , (21) 
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naturally appear [7]. They can be written as 

-eF ab ip(c E l 5 + ic M )[l a ,l b ]^ , Ce = 77 , c M = -rr ■ (22) 



16/i ««rv - , ,™ /t , M M 

The first term(EDM) violates the CP symmetry. The coefficient depends 
on the sign besides the absolute value of rh. Writing the two coefficients as 
(ce,cm) = (rh/M, —fx/M), we can consider the following two limits: 

(i) CP-preserved limit [Small radius limit, 4D limit ] 6 

m/n -> ±0, (c E ,c M ) = (±0,-1), 20 -> -(tt/2-0) [3tt/2-0] for upper 
[lower] sign; 

(ii) CP-extremely-violated limit [Large radius limit, 5D limit ] 

m/fx — > ±00, (ce,Cm) = (±1,0), 20 — > — [n + 0] for upper [lower] 
sign. 

Note that the MDM term usually appears, in the 4D QED, as the quantum 
effect. 

(B) Neutral Fermion 

We regard the neutral fermion as the zero mode of the KK-expansion. 



^ a d a -^F abl 5 [ 1 a , 1 b }+m^(x) = . (23) 

Only the EDM term appears. This case is also realized by letting e — > 0, n — > 
keeping e/fx — /(fixed) in (19). Although the fermion has no charge, the 
dipole moment appears. This case is similar to the limit (ii). 



Let us do the order estimation. From the reduction 

See the upper half region of Fig.l. But this case reduces to (19) by the transformation 

ip — > j 5 ip. 

6 If we regard the 4D charged fermion as the iV-th KK mode, /j in (17) is replaced by 
N[i. Then this CP-preserved limit can also be regarded as large N limit. 
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we know 

1 1 / 



G5/1 G G^ji 



where G is the (4D) gravitational constant. This gives / ~ \/G = 10 _19 GeV _1 . 
On the other hand, we know e = /if ~ 10 _1 . Hence we obtain \i ~ lO -1 / 1 ~ 
10 18 GeV. We originally have four parameters, to,//, G 5 and /. Among them 
we have the two relations (25) from the observation. We have another restric- 
tion among them from the present theoretical knowledge. The most natural 
interpretation of the parameters is that /z -1 is the infrared regularization, 
rh is the energy scale of this 5D KK system. Then the validity of the 5D 
classical treatment requires that the 5D Planck mass ^> |to|: 

! v'lOO// > \m\ , (26) 



VG 5 

and this reduces to, through the previous parameter relations and values, 
|m| < 10 19 GeV. 

Now we consider the following three cases in order to evaluate the EDM 
and MDM couplings. 

(0) I TO I ~ // 

We can estimate the electric and magnetic couplings as 

H e „„_ 32 



e ~ — ~ 10" 32 e cm . (27) 
Mfi M v ' 

Both electric and magnetic moment terms equally appear. In this case, 
however, the theoretical restriction (26) is not so well satisfied, 
(i) |to| <C //(small radius, 4D limit), CP-preserved limit 
We can estimate as 

TO TO -„_32 _ e e ir ,-32 



-e x 10" 32 e cm , — 10 32 e cm , \c E \ < |c M | • (28) 

ill// // M n 

In this case the EDM coupling is suppressed by the factor of the mass pa- 
rameter ratio ^(<S 1). The theoretical restriction (26) is satisfied, hence 
this parameter region is well controlled theoretically, 
(ii) \m\ ^> //(large radius, 5D limit), CP-extremely-violated limit 
We can estimate as 

' m '-e ~ - ~ 10" 32 e cm , -j-- ~ -p— r x 10~ 32 e cm , \c E \ > \c M \ . (29) 



M\i // M \m\ 
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In this case the MDM coupling is suppressed by the factor t^t(<S 1)- The 
theoretical restriction (26), however, is not satisfied. This implies the 5D 
quantum effect can not be negligible in this parameter region. 

We note that the ratio of the two massive parameters, (the radius of 
the extra space) -1 /x and the 5D fermion mass to, controls the dual aspect 
(electric versus magnetic) of the theory. This point will be compared with 
the RS case later (see the ending paragraphs of Sec. 7). 

As for the EDM, all cases are far below the experimental upper bound, for 
example, the neutron EDM is less than 6.3 x l(T 26 e cm[15]. As for the MDM, 
we know, (from the formula of the quantum effect of 4D QED: eh/2mc,) the 
order of the observed values are 10 -11 e cm for the electron, 10~ 14 e cm for 
the proton, 10~ 16 e cm for the top quark. The prediction of 5D KK theory 
is superweak compared with these values. Hence the present model is viable 
but quantitatively not so attractive. 7 We are, at present, content with the 
qualitatively interesting point. 

Thirring[7] showed that the CP-violating term appears not because the 
discrete symmetries (charge conjugation, parity and time reversal) do not 
exist in the Dirac equation (19), but because they appear in the form which 
differs from the ordinary one. 

4 Randall- Sundrum Theory in the Cartan For- 
malism 

Let us formulate the RS theory in the Cartan formalism. We consider the 
following 5D space-time geometry [4, 5]. 

ds 2 = e- 2(T ^r] ab dx a dx b + dy 2 = g mn dX m dX n , 

— oo < y < +oo , — oo < x a < +oo , (30) 

where a(y) is a "scale factor" field, (rjab) — diag(— 1, 1, 1, 1). When the 
geometry is AdSs, o~(y) = c\y\, c > 0. [ Such a situation, in the present case, 

7 The 5D KK model has another phenomenological defect in the prediction of the 4D 
charged fermion mass. The order of the magnitude is M = yjm 2 + ~ [i <~ 10 18 GeV, 
which cannot be accepted as the ordinary (charged) fermion masses. From this, the MDM 
value essentially docs not improve even if the quantum effect (of the 4D QED with the 
Planck mass fermion) is taken into account. 
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occurs in the asymptotic region of the extra space y — > ±00. [14, 21]] Note 
that the "scale factor" field a(y) depends only on the extra coordinate y and 
controls the 4D metric part rj a bdx a dx b , whereas the corresponding field a(x) 
in the KK case of (3) depends only on the 4D coordinates x a and mainly 
controls the extra part (dy) 2 . As in Sec. 2, we introduce the local Lorentz 
frame as 

dg t = ¥¥f) vv , (V) =diag(-l,l,l,l,l) . (31) 
The 1-form 9^, the basis of the cotangent manifold T*M, is given by 

§ a = e- a r] a a dx a , 9 5 = dy , (32) 
from which we can read off the fiinf-bein e M m and its inverse e M m as 



(e"J 



Taking 1-form 9^ of (32), and compare the results with the 1st Cartan's 
structure equation (10), we obtain the connection 1-form u)^ as 
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, u% = -uf = -a'6 a , u>* a = -u>* = o'e a , 00% = ,(34) 



where a' — ^f. 

dy 

Further explanation of the RS geometry in the Cartan formalism is done 
in App.B where a more general coordinate is considered. 



5 Fermions in Randall- Sundrum Theory 

The 5D Dirac Lagrangian in the RS theory is given, from (15) and the results 
of Sec. 4, as 

, -. r 1 1 „ 



= ie- 3a ^{-f a d a - 2e~ a {a' - -d y )^ + m{y)e- a }^ 
= te~H{l a da ~ ^~ a {-/ ~ \d y h 5 + m(y)e-°}(e-H) , (35) 
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where fh is the 5D fermion mass — oo < fh < +00. For the later use, we here 
allow fh to have the y- dependence : fh = fh{y). 8 The special case of this 
result, fh = 0, coincides with an equation cited in [16]. 

Let us do the dimensional reduction from 5D to 4D [17, 18, 16]. We take 
the following form of expansion. 

k 

1 5 M%) = -M*) , 7 5 ^r(^) = , (36) 

where {Ck(y) , Vk(y)} is a complete set of some eigenfunctions to be deter- 
mined. This expansion corresponds to (4) and (17) in the Kaluza-Klein case. 
The role of the periodic eigenfunctions {e lkfiy } is here played by {£,k(y) , Vk(y)} ■ 
For simplicity, we consider the " hD-parity" even case for ip(x,y). 

^(x,-y) = +^(x,y) . (37) 

(The odd case is similarly examined.) This requires £ n {y) to be an odd func- 
tion and rj n {y) to be an even function with respect to the Z 2 transformation: 

y <-»• -y- 

Zn(-y) = -Zn(y) , Vn{-y) = +Vn(y) • (38) 

From these we get the following important boundary conditions, 

£n(0) = (Dirichlet) , d y r} n \ y=0 = (Neumann) , (39) 
when £ n (y) and d y r] n (y) are continuous at y — 0. The Lagrangian reduces to 

c mrac = i ^(WUv)+$RV m (v)) >< 
m 

EWMlL - ^(j - d y ){-r L )L + l a d a r R f)n - e" CT (^ - d y )r R Vn 

+ e-°m{y){r L L + r R Vn)} ,(40) 

where we define £ n = e _ i°"^ n and fj n = e~^ a rj n . 

8 The situation is realized by the bulk Higgs mechanism treated in Sec. 6. 
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We now take the set of eigenf unctions {£ n ,Vn} as 

e" CT (— - dy)i n + e~ a m(y)l n = m n f) n , - d y)Vn + e~ a m(y)fj n = m n £ n ,(41) 

which are orthnormalized as 

/oo _ _ roo 

dy in{y)im{y) = dy fj n (y)fj m (y) = 5 nm , 
-OO J —CO 

/oo _ 
^a(y)^(y)=0 . (42) 
-co 

Then the 5D action (35) finally reduces to the sum of 4D free fermions. 

J J n 

The information of this fermion dynamics is now in the set of the eigen values 
{m n } determined by (41). 

From the coupled equation (41) with respect to £ n and fj n , we get the 
differential equation for £ n as 

e" 2CT [y - ~/ 2 + Md y - m(yW + Hyf ~ ®y + m(y)']| n = m n % . (44) 

(We can obtain a similar one for fj n .) For simplicity, we consider the thin 
wall limit: 

<r(y)=w\y\ , v'(y)=ut(y) , cr"(y) = 2u><%) , 

rh(y) = rhe(y) , m'(y) = 2m5{y) , (45) 

where u(> 0) and m(> 0) are some constants. e(y) is the sign function: 
e(y) = 1 for y > and e(y) = — 1 for y < (e'(y) = 25 (y)). In this limit, 
the equation (44) can be explicitly solved. 

e -Mv\ [( w + 2m)5(y) - ^ 2 + 2ue(y)d y - rhu + m 2 - 0„ 2 ]f n = m n % , (46) 

where e(y) 2 = 1 is used. The presence of indicates a singularity of the 
solution at y — 0. Let us see the solution in the region y > 0. In terms 
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of a new coordinate z = ^e wy , the above equation reduces to the Bessel 
differential equation. 



{d z 2 --d z + ^-^ + m n 2 }i n = , 

z z l 



»=\--~ 2 \ • («) 

The solution £ n is obtained as 

L(y) = (~p72 ^( z ) = z { J u{m n z) + c n N u (m n z)} , 

c„ = -A^M , (48 ) 

where c n is determined by the Dirichlet boundary condition (39). J u (z) 
and N u (z) are two independent Bessel functions. With the above explicit 
solution of £ n , we can obtain fj n using the first equation of (41). Another 
boundary condition (Neumann) on r\ n (39) gives us the set {m n } as the zeros 
of some combination of Bessel functions. ( For the special cases rh = 
(no 5D fermion mass) or fh/uj = 1, the eigen functions reduce to Ji/2(z) = 

\j2/nz sin z, Ni/ 2 (z) = —J-i/ 2 (z) = —^Jljixz cos z. The former case is that 
one considered in [16]. In these cases, however, the fermion localization does 
not occur in the present one wall model. See Sec. 6. ) 

We now understand that the periodic eigen functions {e lkfiy } in the KK 
case ((4) and (17)) correspond to {£&(?/), Vk(y)} specified by (41). Only for the 
thin wall limit, they are explicitly solved by Bessel functions. Although we 
do not explicitly require the compactness of the extra space, the eigen values 
are S' 1 -like. This is due to the requirement of the geometry AdSs(~S 1 xR 4 ) 
in the asymptotic region. 

The importance of the 5D mass "function" rh(y) is now clear. In the next 
section, we explain its origin in the bulk field theory. Nature requires the 
Yukawa interaction between the 5D fermion and the 5D Higgs[20]. 



6 Bulk Higgs Mechanism 

One of the most important characters of the brane world model is the mass- 
less chiral fermion localization. It is phenomenologically attractive because 
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the smallness of the quark and lepton masses could be naturally explained. 
Theoretically it is also necessary as the dimensional reduction mechanism. 
The feature comes from the Z 2 (y <-> —y) properties of the system. The most 
natural way to introduce the properties is to use the Higgs mechanism in the 
bulk world. 9 

Let us examine the case the fermion system has the Yukawa coupling with 
the bulk Higgs field. 

yf^C = ^(C Dirac + C Y ) , C Y = ig Y U$ , (49) 

where the Higgs field $ is the 5D(bulk) scalar field and gy is the Yukawa 
coupling. We assume that the Higgs field, besides the "scale factor" field 
<r(y), is some background given by the (classical) field equation of the 5D 
gravity-Higgs system. 

C9raV = ^r k > CS = -^V m $V m $ - V($) , , (50) 

where V(<&) is the ordinary Higgs potential. In ref.[14, 21], it is shown that 
the above gravity-Higgs system has a stable kink (domain wall) solution for 
the case $ = $(y). In the IR asymptotic region from the wall, <r'(y) and 
$(y) behave as 

where A; (the inverse of thickness), u;(brane tension) and t>o(5D Higgs vacuum 
expectation value) are some positive constants expressed by a free parameter, 
the vacuum parameters and the 5D gravitational constant. Near the origin 
of the extra axis (k\y\ 1), they behave as 

a' (y) = uj tanh(ky) , $(y) = v ta,nh(ky) . (52) 

The dimensional reduction to 4D is performed by taking the the thin wall 
limit k — > oo, which is precisely defined as 

k > - . (53) 
r c 

9 In the case of the flat space-time, Rubakov and Shaposhnikov[19] proposed a domain 
wall model caused by the bulk Higgs potential. 
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where r c is the infrared cutoff' of the extra axis (— r c < y < r c ). (See ref.[14].) 
In this limit, above quantities behave as o-'{y) — > iv9(y), — > vo9(y). All 
dimensional parameters are a) G 5 _1 / 3 : 5D Planck mass; b) \m\ = gyv : 5D 
fermion mass; c) fc -1 : thickness of the domain; d) r c : Infrared regularization 
of the extra axis. Among them there exists a theoretical restriction from the 
requirement: 5D classical treatment works well. 

»fc , (54) 



\7G 



r 5 

The 5D Dirac equation of (49) is given by (cf. eq.(35)), 

te°{ 1 a d a -2e-°(o-'-^d y ) 1 5 + g Y e-°<!>}^ = . (55) 

This is just the lagragian of (35) with rh(y) = gy^{y)- Let us examine a 
solution of the right chirality zero mode. 

fa,y)=il/ 1 R {x)T,(y) , 7Vfl = -h$ , 7°9«^ = ■ (56) 
The equation (55) reduces to 

^ = (2^ + ^(^)77 . (57) 
In the IR asymptotic region(/c|y| 3> 1), the solution behaves as 

r}(y) = const x e -i9Yvo-M\v\ ) ( 58 ) 

which shows the exponentially damping for the large yukawa coupling gy > 
2cj/t> [20]. This is called massless chiral fermion localization. Near the origin 
of the extra axis(/c|y| <^ 1), rj(y) behaves as 

r)(y) = const x e ~ 1(9^0-2^ ^ ^ 

which shows the Gaussian damping. The behavior is shown in Fig.2. It 
shows the regular property of the solution. For the left chirality zero-mode, 
we can show the same behavior using the anti-kink solution instead of the 
kink solution (51). 
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Gaussian 




Fig. 2 Behavior of the fermion along the extra axis. 



7 Five Dimensional QED and Bulk Quantum 
Effect 

Let us examine the 5D QED, C QED = -et/rfe^Am, with the Yukawa 
interaction in RS geometry. 10 

^~^ C Dirac + C QED + ^ 

4 {^ m (d m + ieA m ) + ^(co a )^a[j^ 7l} i + igrU®] ■ (60) 

The kinetic (propagator) part for the electromagnetic, gravitational and 
Higgs fields is provided by 

-g(C EM + a rav + C s ) , C EM = ~g mn g kl F mk F nl , (61) 

where C 9rav , C s are given in (50). We assume, as in Sect. 5 and 6, g mn and $ 
are the brane background fields obtained as the stable solution of the system 

We have introduced the Yukawa coupling in order to localize the fermion 
on the wall. This model, however, is still unsatisfactory in that the vector 
(gauge) field is not localized[20]. One resolution is to take 6D model [22]. Here 
we are content only with the fermion part and do not pursue this problem. 



10 The U(l) gauge space is here an internal space: A m — > A m + d m A(X),i/j — * 
exp(— ieA(X)) ip. This should be compared with the case of KK where the U(l) gauge 
space is identified with the extra (y-) space. 
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Fig. 3 A bulk quantum- loop diagram. The diagram induces the effective 

action S^tf- 



Let us examine the bulk quantum effect. It induces the 5D effective action 
S e ff which reduces to a 4D action in the thin wall limit. From the diagram 
of Fig. 3, we expect 

5S {1) 

-^IL. =< J, >~ e Ve^ T ^ A F- . (62) 

Then the effective action is integrated as 

S% ~ e 2 g Y J (fXe^^F^F^ . (63) 

In the thin wall limit we may approximate as $ = $(y) ~ Voe(y) where e(y) 
is the step function. (See the description below (52).) Under the U(l) gauge 
transformation 5A^ = <9 M A, S^L changes as 

8 A SW ~ e 2 g Y v J #Xe ia , XaT e{y)& t KF' x F ar 
= e 2 g Y v J d 5 X{d^e, uXar e(y)AF» x F° T ) - e 5uXaT 5(y)AF» x F° T } 

= -e 2 g Y v J d\A(x)F al3 F aP , (64) 

where F a p = e a ^F 1& . In the above we assume that the boundary term 
vanishes. Callan and Harvey interpreted this result as the "anomaly flow" 
between the boundary (our 4D world) and the bulk[23]. Through the analysis 
of the induced action in the bulk, we can see the dual aspect of the 4D QED. 
Another interesting bulk quantum effect is given by Fig.4. The induced 
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Fig.4 A bulk quantum-loop diagram. The diagram induces the effective 

action Sf)e. 

(2) 

effective action S\Jf is expected to satisfy 
5S {2) 

j^=<J lu ,>~e*g Y ep,x irr fr<W>?ril> . (65) 
Then S^t is obtained as, in the thin wall limit, 

S% ~ e 2 g Y e^ XaT j d 5 X<9 A $ F^£<^ 
= e 2 g Y v e al3l5 J d 4 xF a ^a^ s ^ = -ie 2 g Y v J d A xF a ^ 1 b a a p^ . (66) 

This term is the EDM term of (22). It violates the CP-symmetry. The cou- 
pling depends on the vacuum expectation value of $, v =< $ > which are, 
at present, not known. In order to estimate the magnitude of the coupling, 
it is necessary to apply this model to the quark-lepton (electro-weak) theory 
and fix the value. We expect the magnitude could be sufficiently large so 
that the result can be tested by present or near-future experiments. 

The appearance of the EDM term corresponds to the CP-extremely- 
violated case (ii) \m\ > // of Sec. 3. We compare the parameter relation 
with the thin wall relation (53) k ^> l/r c . Because the parameter /i in KK 
case corresponds to l/r c in RS case, we notice the 5D fermion mass in KK 
case (|m|) corresponds to the inverse of the thickness in RS case (A;). 

The more fascinating view on the correspondence is that the RS approach 
and the KK one are "dual" each other. We compare the above thin wall limit 
with the small radius limit (i) \rh\ -C of Sec. 3. The thin wall limit, which 
is regarded as the dimensional reduction, can be consistently taken in RS 
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model and EDM term naturally appears there. CP is not preserved. The 
theoretical treatment is justified as far as the relations (53) and (54) are sat- 
isfied: 1/ yfGl > > l/r c . While, in the KK case, the dimensional reduction 
takes place in the case (i) of Sec. 3, which can be controlled theoretically as 
far as the relation (26) l/^/Gl = > /i » |m| is satisfied. MDM term 

naturally appears and CP is preserved here. 

In the effective action evaluation, the bulk Higgs field $(y) plays an im- 
portant role. It serves as a bridge between the bulk world and the 4D world. 

8 Discussion and Conclusion 

Recently the higher dimensional (5D,6D) theories (with boundary terms) 
have been vigorously investigated in order to make them some consistent 
quantum field theories. In the past they were not so seriously examined be- 
cause the renormalizability condition strictly excludes the higher dimensional 
theories. (One of few exceptions is the success of the vacuum energy calcu- 
lation of the 5D Kaluza-Klein theory [24].) This past attitude was changed 
by the progress of the string and D-brane physics. Especially the AdS / CFT 
correspondence [25] gave us the image of the 4D world as a boundary of a 
higher dimensional space-time. The most crucial point is to find how the 
ordinary 4D quantum field theory is generalized to the extra-space direction. 
The treatment of the extra axis(es) becomes the central concern. In this 
point, some interesting proposals begin to be given by Goldberger-Wise[26] 
and by Randall-Schwartz [27, 28]. Both regard the extra space as the scale 
parameter space of the renormalization group. Renormalization flow moves 
in the extra space. New regularizations[29] are also proposed in order to regu- 
larize the summation over the all KK modes in the extra space direction. We 
comment that, in connection with the chiral determinant calculation based 
on the domain wall configuration in the 5D space-time, a new regularization 
is proposed[30, 31], where the extra space is regarded as the temperature 
(proper time) space. The present approach to this bulk quantum theory is 
different from the above ones. We take the induced effective action method. 
It has been used in relation to the chiral and Weyl anomalies. Famous suc- 
cessful ones are 2D WZNW model derived from the 2D QCD [32] and 2D 
induced quantum gravity[33]. We have examined mainly the thin wall limit. 
In order to examine the configuration off the limit, we must take into account 
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the new proposals mentioned above. We should pursue this line of research. 

We have comparatively examined the KK model and the RS model. Both 
have attractive features as the higher dimensional unification models. Using 
the Cartan formalism, fermions are properly treated. The KK expansion and 
the RS expansion are compared. The periodic functions appear in the former 
case, while the Bessel functions characteristically appear in the latter case. 
The dual property is controlled by two scale parameters, m and \i in the KK 
case whereas k and r c in the RS case. In particular we stress that, as was 
pointed out by Thirring for the KK case, the CP-violation term naturally 
appears also in the RS model. 

Finally we list the correspondence in Table 1. 
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Kaluza-Klein 


Randall-Sundrum 


electric charge 


e — fl^i /:free para. 


e:free para. 


U(l) sym. 


y — > y + A(x), transl. in {y} 
A a (x) -> A a (x) + ±d a A 


A m — > A m + <9 m A, internal sym. 
(X m ) = (x a ,y): fixed 


asym. geometry 


S 1 x M 4 


AdSs (u,m = qyVo) 




a massive KK mode for 


5D bulk Higgs vacuum 




charged fermion if), 


< $ >= ±v ,y -> ±00 


vacuum 


0-th KK modes for 
g ab , A a , a and 
neutral fermion 


kink sol., Z 2 -symmetry 


4D fermion mass 


\Jm 2 + fi 2 


gyVo x overlap- int. 


physical scale 


m :5D fermion mass 


: (thickness) _1 


global size 


/i" 1 :radius of extra S 1 


r c :IR cutoff 




y — > y + 2n{i~ 1 , periodic 


-r c <y < r c 


dimensional 


/i ^> m 


k > l/r c 


reduction cond. 


small radius limit 


thin-wall limit 


5D classical 


1/^G 5 ~ ^lOO/i >m 


l/v / ^> fc 


condition 






mode functions 


e lfera , fcez 


J u (m k z), N u (m k z), v — \\ - m/u\ 


in extra space 


periodic func. 


zuo = ', fc e Z,Bessel func. 


CP property 


MDM in small radius 


EDM in thin wall 




limit, CP-preserved 


limit, CP- violated 



Table 1 Comparison of KK model and RS model. 
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9 Appendix A 5D Dirac Matrix 

In order to clearly discuss (5D) Dirac equation, we must fix the representation 
of the gamma matrices. The signs and phases appearing in the text depend on 
the convention. We take the Majorana representation for the Dirac matrix. 

{7^, lu} = 2r]^ , (77^) = diag(-l, 1, 1, 1, 1) , 

/i, v — 0, 1, 2, 3, 5 

—-(AT) ■ ») , 

75 = 7 = «7o7i727s = -%1 7 7 7 = I Q J , (67) 

where <7j(i = 1, 2, 3) are the Pauli matrices: o\ = (0, 1/1, 0), a 2 = (0, — i/i, 0), 03 
(1, 0/0, — 1). The above gamma matrices have the following properties. 

• To, 71,72,73 are re& l matrices, while 75 is pure imaginary. 

• 7i?72,73,75 are hermitian, while 70 is anti-hermitian. 7o7^7o = 7^ 

• 7i?72,73 are symmetric, while 70,75 are anti-symmetric. 

• 7o 2 = -1, 7i 2 = 72 2 = 7s 2 = 7s 2 = 1 
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10 Appendix B Randall- Sundrum Geometry 
in the Cartan Formalism 



We take the more general metric than (30) which is useful when the coordi- 
nate y taken in the text is transformed to another coordinates. 

ds 2 = e- 2 ^ Vab dx a dx b + -^-Az 2 , 

F(z) z 

-oo < x a < +00 , (r) ab ) = diag(-l, 1,1,1) , (68) 



where a, b = 0, 1, 2, 3. The coordinate taken in the text is the case: F(z) = 2. 
If we denote this coordinate as y as in the text, its coordinate region is — 00 < 
y < +00 which shows non-compactness of the extra space. We can transform 
to some compact coordinates by the following coordinate transformations 11 
: 1) z — \ tanhy, — \<z<\, F(z) = (1 - Az 2 ) ; 2) y — tan(7rz), -\ < z < 
^,F(z) = (2/tt) cos 2 (tiz). We now start with F(z) unspecified. Then the 5D 
metric is given as 

ds 2 = g mn dX m dX n , (X m ) = (x a , z) , 

{9mn) = n 4 , (69) 

V u F(*) a J 

where m,n = 0,1,2,3,5. From these the basis of the cotangent manifold 
T*M, 9», is given as 

ds 2 = Wrj^ , (r)^) = diag(-l, 1, 1, 1, 1) , 

e a = Q- U rf a dx a , d l = ~^dz , (70) 

t (z) 

where /i, v — 0, 1, 2, 3, 5 and a — 0, 1, 2, 3. From the above result we can read 
the fiinf-bein e^L 



0" = e" m dX m , 

(6j i ^ ) ' ^ )-[ \F{z) ) ' < 71 > 



11 These coordinates are important to give some renormalization group interpretation to 
the RS model[34]. 
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where e^" 1 is the inverse of e M m . The basis of the tangent manifold T P M, e M , 
is given by 



e = e m - 



d 



dX m ' 

e «= e '4 • e H F <4 ■ (72 » 

{e^} = {e a ,eg} and {9^} = {9 a ,9 5 } constitute the non-coordinate basis, 
while {e m = ^fsr} = §{\ and {dX m } = {dx a , dz} constitute the coor- 

dinate basis. 

The Lie algebra between {e M } is obtained as 

1 

[e a ,ep] = eg] = 0, [e a ,eg] = -Fa'e a , (73) 
where " ' "—4-. The "structure constants", c„„ A , are read as 

G^] = e^, 

cj = c f £ = , cj = -c-J = l -Fa'^ , cj = -c-J = . (74) 
The first Cartan's structure equation, for the torsionless case, is given by 

dO 11 + u^ v A 9 V = T» = , (75) 

where is the connection one- form. Using the obtained expression of 
the above equation serves for fixing the connection. 

(i) fx = a , 9 a = e~ a dx a : u% = -cu- 5 a = --F9 1 , u a p = , 

2 - a f 

(ii) fx = 5 , # 5 = = w 5 Q = > ^ = 

(m) ay = -c^ , = -mf : a/g = . (76) 

Now we can calculate the curvature using the second Cartan's structure 
equation. 

^ + W ",Aa;^i?^^/Ar , (77) 
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where B? v is the curvature 2-form. They are given as 

(i)fj, — a, v — (5 : 

a' 2 

(m) /x = 5,i/ = 5 : i?V = ° , 
(iii) jx = q, 1/ = 5 : iT^ = -iF 8/3B = -^'Fe^'Fe^ , 

= 5 , i/ = a : i2 § a5/J = -i^g = J^'Fe^'Fe^ . (78) 

The coordinate components are obtained by multiplying the funf-beins. 

r>m m v A <r D _ pfc 

R 55 = ~(a"F + a>F>-a> 2 F) , 
r 

Rab = -^Fe~ 2a (a"F + a'F' - Aa ,2 F)rj ab , R 5a = R a5 = . (79) 

From the connection 1-form uj^, we can define the connection coefficients as 
follows. 

< = r V A 

(ii) u% = u a p = : r^ 5 = T> = . (especially T% = .) 

{iix)u\ = ^F9 a : r 8 ^ = , r 5 §a = o . (80) 

Note that generally T^ Xu ^ T^ A . Indeed the above result satisfies the tor- 
sionless condition, for example, T"^ = — T a ^ — = 0. 

The connection coefficient r A are related with the same one with respect 
to {e m } as 

pA _ A m/Q n , fcpn \ 

L fiu c n c /i K u m c v T Cj, J- m fcj , 

-pfc _ p fepM p " FA _ A „ fcpM ffil \ 

- 1 - mn ~ C A c m c n L nv u m^n c n . l oi j 
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This formula gives 

r 5 55 = -y , r 5 aft = ^V\ 6 , T% b = T\ 5 = -aY b . (82) 
The connection coefficient with the "mixed type" T^ mv) is defined by 

< = r V A = rW^ m = r^dx m . (83) 

This formula gives 

(») o; 5 5 = o , u a p = o : r 5 m5 = r% = o , 

(n) ^ g = -^Fe"W* : T% = , r« a5 = , 
(m) w 8 a = ^Fe-dx : r s 5a = , T\ a = ^Fe-° Vaa . (84) 
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